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Restriction on the strong coupling constant in the IR region from the 1D-1P splitting
in bottomonium
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Thebb̄ spectrum is calculated with the use of a relativistic Hamiltonian where the gluon-exchange potential
between a quark and an antiquark is taken as in background perturbation theory. We observed that the splittings
D15Y(1D)2xb(1P) and other splittings between low-lying states are very sensitive to the QCD constant
LV(nf) which occurs in the vector scheme, and good agreement with the experimental data is obtained for
LV(2-loop, nf55)5325610 MeV which corresponds to the conventionalLMS(2-loop, nf55)5238
67 MeV, as(2-loop, MZ)50.118960.0005, and to a large freezing value of the background coupling:
acrit(2-loop, q250)5acrit(2-loop, r→`)50.5860.02. If the asymptotic freedom behavior of the coupling
is neglected and an effective freezing couplingastatic5const is introduced, as in the Cornell potential, then
precise agreement withD1(exp) andD2(exp) can be reached for the rather large Coulomb constantastatic

50.4360.02. We predict a value for the massM (2D)51045162 MeV.

DOI: 10.1103/PhysRevD.70.016007 PACS number~s!: 11.15.Tk, 12.38.Lg, 14.40.Gx
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I. INTRODUCTION

Recently the CLEO Collaboration has discovered the fi
stable D-wave state in bottomonium with a massM (1D)
510162.261.6 MeV which is consistent with theJ52 as-
signment@1#. The observation of this state is also a gre
success of the potential model~PM! since just in the frame-
work of the PM approach the strategy how to observe the
state was developed and correct values for the radiative t
sitions and theM (1D) mass were obtained@2,3#. A study of

the orbital and radialbb̄ excitations which have relatively
large sizes is also very important for a better understand
of the fundamental interaction in the infrared~IR! region. At
present different conceptions about the value of the str
coupling in the IR region exist. In lattice QCD one finds f
the coupling constant in the static potential, parametrized
a linear plus Coulomb potential, the small valueastatic
50.23(nf50)20.30(nf53) @4#. In phenomenological po
tentials the Coulomb constant is larger but spreads ov
wide range fromastatic'0.3320.39 @5,6# up to the rather
large values 0.42–0.45 adopted in recent calculations@7,8#.
If the asymptotic freedom~AF! behavior is taken into ac
count, then an even larger freezing value of the phys
coupling, as(1 GeV);0.960.1, was determined from th
analysis of the hadronic decays of thet-lepton@9#. Our point
of view discussed here is that after the discovery of
Y(1D) the bottomonium spectrum already contains eno
information to determine the freezing value of the coupli
constant in an unambiguous way.

Among the excited states in bottomonium the most p
cise information about the static interaction at larger can be
extracted from an analysis of the 1P, 2P, 1D, and 2D sta
because they have large sizes, lie below the open fla
threshold, and have no hadronic shifts. We shall show
instead of the absolute masses it is more convenient to
0556-2821/2004/70~1!/016007~7!/$22.50 70 0160
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the splittings betweenorbital excitations since they are les
sensitive to the choice of such parameters as theb-quark
massm and in the mass differences the relativistic corre
tions ~about &20 MeV) are partially or completely can
celled. Note that for these states the spin-averaged ma
M cog(nL), and therefore also the splittings between the
are known with great accuracy,;1 MeV. For thenSstates
@since the stateshb(nS) are still unobserved# the accuracy of
the spin-averaged massesM cog(nS) as well as the splittings
2S-1S and 1P-1S are only about 10 MeV.

From experiment we take two splittings between the sp
averaged masses for orbital excitations:

D15M cog~1D!2M cog~1P!5262.162.2~exp!20
11~ th! MeV,

D25M cog~2P!2M cog~1P!5360.161.2~exp! MeV, ~1.1!

which are measured, as well as the massesM cog(1P)
59900.160.6 MeV, M cog(2P)510260.060.6 MeV, and
M (1D2)510162.261.6 MeV with high accuracy. However
for M cog(1D) one needs to take into account the very sm
difference betweenM cog(1D) andM (1D2) coming from the
fine structure splittings:M cog(1D)5Mexp(1D2)1dFS. In
Ref. @3# dFS was found to be small, lying in the range
<dFS<1 MeV so thatdFS was included in the theoretica
error in Eq.~1.1!.

In this paper we show that the splittingD1 weakly de-
pends on the kinematics, the string tensions and the pole
mass of theb quark, being at the same time very sensitive
the gluon-exchange potential used. ThereforeD1 @as well as
D35M (2D)2M (2P)] can be used as a probe of the freez
value of the strong coupling in the IR region.
©2004 The American Physical Society07-1
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II. HAMILTONIAN FOR SPINLESS QUARK
AND ANTIQUARK

In calculations of thebb̄ spectrum we use the relativisti
~string! Hamiltonian HR which is derived from the Fock–
Feynman–Schwinger~FFS! representation of the meso
Green’s function in QCD@10–12#. This Hamiltonian and the
calculated meson massesM (nL) contain only fundamenta
quantities: the current~pole! mass of theb quark, the string
tensions, and the QCD constantLMS(nf). It is known that
in QCD, besides the current quark masses, only one ‘‘ex
nal’’ mass scale must occur, say the QCD constantLMS,
while the string tension has to be expressed through
scale. Such a relation is established in lattice QCD; howe
in analytical approaches, including BPT, a relation betwe
s andL is still not derived.

The HamiltonianHR is derived using several approxima
tions.

~i! First, thebb̄ states below the open beauty threshold
described in the one-channel approximation, i.e., the crea
of an additional quark-antiquark pair is neglected.

~ii ! Second, the spin-dependent terms in theQQ̄ interac-
tion are considered as a perturbation.

~iii ! Third, the minimal area law is used for the vacuu
average of the Wilson loop. Then the HamiltonianHR has
the following simple form:

HR5v1
mq

2

v
1

p2

v
1Vst~r !, ~2.1!

wherep25pr
21L2/r 2 and the ‘‘einbein’’ variablev appears

when in the Green’s function in the FFS representation
goes over from the proper timet to the actual timet:2v
5dt/dt. According to the quantization procedure the ope
tor v is determined from the extremum condition@10,13#:

]HR

]v
50⇒v5Ap21mq

2. ~2.2!

Therefore the Hamiltonian~2.1! reduces to an expressio
which does not explicitly depend onv,

HR52Ap21mq
21Vst~r !. ~2.3!

The kinetic term in Eq.~2.3! was postulated many years ag
@14# and successfully used in the relativized potential mo
@6,7,13–16#, however, the derivation of this term direct
from the QCD meson Green’s function was done for the fi
time in Ref.@10#. The Hamiltonian~2.1! or ~2.3! also implies
a definite prescription formq while in the PM the quark mas
mq is usually considered as a fitting parameter.

Let us consider two limiting cases. The first one occ
when the nonperturbative~NP! contribution dominates in the
QQ̄ potential ~at relatively large distances! and the QQ̄
gluon-exchange term for excited states can be considere
a perturbation@13#. Such an approximation is valid for ligh
mesons (mq50). Then by derivation the massmq in Hamil-
tonian~2.1! coincides with the Lagrangian current mass~the
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difference between current and pole masses can be negle
in the approximation considered!:

mq5m̄q~m̄q!, V~r !5Vst
NP~r !5sr . ~2.4!

One must also take into account the NP self-energy cor
tion to the quark masses@17#; however, in bottomonium the
NP self-energy contribution toHR appears to be compatibl
with zero (;3 MeV) and can be neglected@18#. For the
linear potential the splittingD1 between the orbital excita
tions 1D and 1P turns out to be;160– 170 MeV, i.e., much
smaller then the experimental value~1.1!.

A different situation takes place at small distances wh
the perturbativeQQ̄ interaction dominates while in first ap
proximation the string interaction can be neglected. Then
to perturbative self-energy corrections the pole massmq ap-
pears in the Hamiltonian~2.1! and for a consistent descrip
tion mq~pole! has to be taken in the samen-loop approxima-
tion as the perturbativeQQ̄ potential:

mq5mq
pole~n-loop!, Vst

P~r !52
4

3

aV~n-loop!

r
. ~2.5!

For low-lying bb̄ states this type of calculations was pe
formed in Ref.@19# @with the use also of the 1/mq expansion
of the kinetic term in Eq.~2.3!#.

The perturbative static potential in Eq.~2.5! contains the
vector couplingaV(r ) in coordinate space. Its relation to th
vector couplingaV(q) in momentum space and to the QC
strong coupling constantas(q) in the MS scheme~up to
three-loops! was studied in detail in Ref.@20# where the con-
stantLV(LR), which determines the perturbative vector co
pling aV in momentum~coordinate! space, was expresse
through the QCD constantLMS:

LV~nf!5LMS~nf!expS a1

2b0
D ,

LR~nf!5LV
gE, ~2.6!

where a15 31
3 2 10

9 nf , b05112 2
3 nf , and gE is the Euler

constant.
If one takes the conventional valueLMS

(5)(2-loop)5216
625 MeV, which corresponds to the ‘‘world average
as(2-loop,MZ)50.117260.0020@21#, then from the defini-
tions Eq.~2.6! it follows that

LV
(5)~2-loop!5295634 MeV,

LR
(5)~2-loop!5525661 MeV. ~2.7!

Thus bothLV
(5) andLR

(5) appear to be essentially larger tha
LMS

(5) and therefore the perturbative description~whereLRr
!1 or r !0.3 fm), in a strict sense, can be applied only
the ground stateY(1S). ~The validity of the perturbative
static potential in quenched approximation was discusse
Refs.@22,23#.! Since the orbital and radial excitations in bo
tomonium have rather large sizes, e.g.,R(1P)50.4 fm,
7-2
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R(1D)50.5 fm, R(2P)50.6 fm, and R(2D)50.7 fm, for
them theQQ̄ gluon exchange cannot be described in
framework of PQCD alone and a NP modification ofas(aV)
at large distances~IR freezing! should be taken into accoun
In our calculations we shall useLV

(5) from the range~2.7!.

III. STATIC POTENTIAL

To describe thebb̄ spectrum as a whole we shall use he
the staticQQ̄ potential as it is defined in background pertu
bation theory~BPT!, where the influence of the backgroun
field on the gluon exchange is taken into account@11,24#:

Vst5sr 1VB~r !, ~3.1!

VB~r !52
4

3

aB~r !

r
. ~3.2!

Here the background couplingaB(r ) is defined through the
Fourier transform of the potentialVB(q) in momentum space
@23#; it gives

aB~r !5
2

pE0

`dq

q
sin~qr !aB~q!, ~3.3!

where the background coupling in momentum spaceaB(q)
is defined over the whole region 0<q,`. For example, in
two-loop approximation

aB~q!5
4p

b0

1

tB
S 12

b1

b0
2

lntB

tB
D ,

tB5 ln
q21MB

2

LV
2

, ~3.4!

where the background massMB under the logarithm is de
termined by the lowest hybrid excitation of the string. Th
mass cannot be considered as an additional~fitting! param-
eter sinceMB itself can be calculated either on the lattice
with the use of the corresponding Hamiltonian for a hyb
@12#. We take here the value ofMB which was obtained in
Ref. @23# from a fit to the static potential on the lattice
small distances@22#,

MB51.0060.05 GeV. ~3.5!

Note that the most transparent way suggested to derive
expression~3.4! for aB(q) is to consider a large number o
colors,Nc@1 @11#.

The background coupling in momentum spaceaB(q) has
an important feature—the correct PQCD limit atq2@MB

2 ~as
in Ref. @20#! and therefore the constantLV in the vector
scheme~3.4! used in our calculations is determined by t
conventionalLMS(nf) according to the relation~2.6!.

One should keep in mind that the additive form of t
static potential~3.1! is automatically obtained in the frame
work of BPT in the lowest approximation when the interfe
ence terms are neglected. This form is well supported by
01600
e

he

e

lattice data@25# where the static potential is taken as the su
of a Coulomb-type term plus linear term at separationr
>0.2 fm. Note that both potentials satisfy the Casimir sc
ing law with an accuracy of a few percent@26#.

In the next approximation of BPT the interference b
tween perturbative and NP effects appears in the form of
background massMB ~3.4! which ensures the IR freezing o
aB(q). One can see from Eq.~3.4! that the only effect ofMB
is to moderate the IR behavior of the perturbative potent
whereby the Landau ghost pole and IR renormalons dis
pear, while the short distance behavior, as well as the
simir scaling property, stay intact@11#. Note that the loga-
rithm in the coupling ~3.4! formally coincides with that
suggested in Ref.@27# with MB

254mg
2 where a picture with

the gluon acquiring an effective massmg was suggested
However, since a physical gluon has no mass, the param
(2mg)2 needs to be reinterpreted in the correct way.

Our calculations of thebb̄ spectrum are done for the num
ber of flavorsnf55 when the QCD constantLMS

(5) is well
known from high energy processes,LMS

(5)
5216625 MeV,

which corresponds toas(Mz)50.11760.002 @20# and cor-
respondingly in the vector schemeLV

(5)5295634 MeV.
Later in our calculations we show that the splittingsD1 and
D2 appear to be in agreement with experiment only for tho
values ofLV

(5)(2-loop) which are close to the upper limit i
Eq. ~2.7!,

LV
(5)~2-loop!5325610 MeV, ~3.6!

which corresponds to

LMS
(5)

~2-loop!523867 MeV, as~Mz!50.118960.0005.
~3.7!

From the definition~3.4! and for LV
(5) ~3.6! the freezing

~critical! value of the background couplingaB(q50)
5aB(r→`) is expected to be

acrit~nf55!50.5660.01 ~MB51.0 GeV!,

acrit~nf55!50.5960.01 ~MB50.95 GeV!. ~3.8!

Notice that from Eq.~3.3! acrit turns out to be the same i
momentum and coordinate space.

For a value ofLV
(5) close to the lower bound the freezin

valueacrit @Eq. ~2.7!# turns out to be essentially smaller, e.g
for LMS

(5)
5190 MeV (LV

(5)5260 MeV) the value acrit

50.46 is obtained. For such a choice ofLV
(5) agreement with

experiment for thebb̄ spectrum cannot be reached.
For LMS

(5) , Eq. ~3.7!, the pole mass of theb quark can be
determined according to the standard procedure~as in
PQCD! and for the conventional valuem̄b(m̄b)54.23
60.03 GeV one obtains in 2-loop approximation

mb~pole!54.8260.03 GeV. ~3.9!

Thus all fundamental quantities used in our calculations,mb
~pole!, LV and the string tensions'0.1860.02 GeV2

~taken from the slope of the Regge trajectories for meso!,
7-3
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are taken in correspondence to QCD; they are determine
the narrow ranges~3.6! and ~3.9!.

IV. RELATIVISTIC CORRECTIONS

Here for thebb̄ spectrum we try to calculate the splitting
D1 andD2 defined in Eq.~1.1! with high accuracy. First of
all it is of interest to compare the spin-averaged mas
M (nL) in the relativistic case, whereM (nL) coincides with
the eigenvalue~e.v.! of the spinless Salpeter equation~SSE!,

~2Ap21m21Vst~r !!c~nL!5M ~nL!c~nL!, ~4.1!

with the e.v.M̃ (nL) in the nonrelativistic~NR! limit which
is widely used in bottomonium,

M̃ ~nL!52m1E~nL!. ~4.2!

Here the ‘‘excitation energy’’E(nL) is the e.v. of the Schro¨-
dinger equation with the same static potential as in Eq.~4.1!:

Vst5sr 2
4

3

aB~r !

r
. ~4.3!

The massm5mb(pole) andaB(r ) will be taken below in
2-loop approximation.

In Sec. V we also present thebb̄ spectrum calculated with
the Cornell potential which has been successfully used
many years@8#:

VC~r !5sr 2
4

3

astatic

r
1C0 , ~4.4!

with astatic5const. Since inastatic the ~AF! behavior is ne-
glected, this coupling can be considered as an ‘‘effect
freezing’’ coupling in the gluon-exchange potential. Noti
that aB(r ) in BPT appears indeed to be close to a const
~the critical value! already at rather smallQQ̄ separations,
r *0.4 fm; e.g., fornf55 the ratioaB(r )/acrit is equal to
0.83, 0.88, 0.92, and 0.95, respectively, forr equal 0.4, 0.5,
0.6, and 0.7 fm.

In Table I the spin-averagedbb̄ masses below theBB̄
threshold, the splittings

D15Y~1D!2Y~1P!, D25Y~2P!2Y~1P!,

D35Y~2D!2Y~2P!, ~4.5!

and the relativistic correctionsdR5M (nL)2M̃ (nL) are pre-
sented for the static potential in BPT Eq.~4.3! with a typical
set of parameters taken from the ranges~3.6! and ~3.9!:

m54.828 GeV, s50.178 GeV2,

LV
(5)5330 MeV,

MB51.0 GeV. ~4.6!
01600
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The accuracy of our numerical calculations is61 MeV
for the e.v. of the SSE and60.5 MeV for the Schro¨dinger
equation.

From Table I one can see that the relativistic correctio
dR give a contribution (;10–22 MeV) to the absolute val
ues of thebb̄ mass, nevertheless the splittingsD1 and D3
5M (2D)2M (2P) for the SSE and in the NR case appear
be equal~within 61 MeV). This result is practically inde-
pendent of the choice of such parameters ass andm. There-
fore D1 can be used as an important criterion to distingu
between different choices of the strong coupling. It can
shown that for the S-wave statesdR is larger and turns out to
be more sensitive to the choice ofm ands.

In the splittingD25M (2P)2M (1P) the relativistic cor-
rections are partly cancelled withD2

NR being 7 MeV larger
thanD2 for the SSE. Therefore, it is better to use the SSE
the calculation of the highly excitedbb̄ states.~For the Cor-
nell potential we find practically the same values fordR.)

TABLE I. The spin-averagedbb̄ massesM (nL) for the SSE

~4.1!, M̃ (nL) ~4.2! in the NR case, the splittingsD1 , D2, andD3

~4.5!, and the relativistic correctionsdR ~all in MeV! for the static
potential in BPT~3.1! with the parameters~4.6!.

M (nL) M̃ (nL)
State SSE NR dR

1S 9470 9487 217
2S 10 022 10 042 220
3S 10 368 10 393 224
1P 9900 9909 29
2P 10 266 10 282 216
3P 10 555 10 577 222
1D 10 157 10 166 29
2D 10 458 10 474 216
D1 257 257 0
D2 367 374 27
D3 191 191 0

TABLE II. The bb̄ spin-averaged massesM (nL) ~in MeV! for
the SSE and the splittingsD15M (1D)2M (1P), D25M (2P)
2M (1P), andD35M (2D)2M (2P) for different values ofm and
LV

(5) ~or LMS
(5)) given by Eq.~5.1!. The valuess50.178 GeV2 and

MB50.95 GeV were kept fixed.

State I II III Experiment

1S 9484 9473 9468 9460.360.3 (13S1)
2S 10 023 10 023 10 023 10 023.360.3 (23S1)
3S 10 364 10 370 10 372 10 355.260.5 (33S1)
1P 9900 9900 9900 9900.160.6
2P 10 262 10 266 10 269 10 260.060.6
1D 10 152 10 157 10 159 10 162.261.6 (exp)20.0

11.0 (th)
2D 10 450 10 457 10 461 •••

D1 252 257 259 262.162.2 (exp)20.0
11.0 (th)

D2 362 366 369 360.161.2
D3 188 190 192 •••
7-4
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TABLE III. The splittings D15M (1D)2M (1P), D25M (2P)2M (1P), M (2S)2M (1S), andM (1P)
2M (1S) ~in MeV! for LV

(5)5280 MeV (LMS
(5)

5205 MeV) and differents ~in GeV2) (MB51.0 GeV, mb

54.82 GeV).

State s50.170 s50.174 s50.178 s50.182 s50.185 Experiment

D1 241 243 246 251 251 262.162.2
D2 347 351 356 360 363 360.161.2
M (1P)2M (1S) 396 399 402 406 408 '430a

M (2S)2M (1S) 514 518 523 529 533 '550a
a
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V. ANALYSIS OF THE SPECTRUM

To demonstrate the sensitivity of thebb̄ masses and the
splittings to the choice ofLV

(nf) present in the couplingaB(r )
we give in Table II the e.v.’sM (nL) of the SSE for three
different values ofLV

(5) in 2-loop approximation taken from
the range~3.6! (s50.178 GeV2, MB50.95 GeV). We de-
note these three sets as

I m54.819 GeV, LV
(5)5300 MeV,

LMS
(5)

5200 MeV,

II m54.830 GeV, LV
(5)5320 MeV,

LMS
(5)

5234 MeV,

III m54.836 GeV, LV
(5)5340 MeV,

LMS
(5)

5249 MeV. ~5.1!

From Table II one can see that the splittingD1 increases with
growingLV

(5) ~or LMS
(5)) and reaches the experimental value

the valueLV
(5)'325610 MeV which corresponds to

LMS
(5)

~2-loop!'23867 MeV, as~mZ!50.118960.0005
~5.2!

and gives rise to the critical value (MB50.95 GeV)

acrit~nf55!'0.58. ~5.3!

Thus, the conventionalLMS
(5) ~5.2! @close to the upper limit

~2.7!# appears to be at the same time compatible with
large freezing value of the background coupling, giving r
to a good description of thebb̄ spectrum and of the splitting
01600
t

e
e

D1 and D2. Note that the critical value~5.3! is in striking
agreement withacrit50.60 introduced in Ref.@16# in a phe-
nomenological way.

This important statement does depend neither on the v
chosen fors nor on the quark mass. To illustrate this fact w
give in Tables III and IV the splittingsD1 andD2 as well as
the 1P-1S and 2S-1S splittings for different values ofs and
two values of LV(nf55): LV

(5)5280 MeV which corre-
sponds toLMS

(5)
5205 MeV andLV

(5)5335 MeV which cor-

responds toLMS
(5)

5245 MeV ~all L ’s in 2-loop approxima-
tion!.

Below we would like also to show the dependence of
splittings on the value of the string tension. We takes in the
range 0.165–0.185 GeV2 and fix the QCD constantLV

(5)

5280 MeV. @This value of LV
(5) corresponds toLMS

5205 MeV and a(MZ)50.116 for MB51.0 GeV.# Note
that for such a value ofLV

(5) the freezing value,acrit

50.488, appears to be 20% smaller than that in Eq.~5.3!.
From the numbers presented in Table III one can see

the splitting D1 is slightly increasing from the value 24
MeV up to 251 MeV whiles is changing in a wide range
from 0.17 GeV2 to 0.185 GeV2, being still 10–20 MeV
smaller than the experimental number given in Eq.~1.1!.
Also other splittings between low-lying states, e.g.,M (2S)
2M (1S) andM (1P)2M (1S), appear to be by 30–50 MeV
smaller than the experimental numbers for anys from the
range 0.17–0.185 GeV2.

Our calculations show that for a reasonable value ofLV
(5)

one cannot reach agreement with experiment by variation
the parameters only. Larger values ofLV

(5) ~around 320
MeV! are needed to getD1'260 MeV.

The situation appears to be different if a large val
LMS

(5)(2-loop)5245 MeV @a(MZ)50.1194# is taken ~see
Table IV!. In this case the same three splittings turn out to
in very good agreement with the experimental numbers
s50.1860.02 GeV2.
TABLE IV. The same splittings as in Table III forLV
(5)5335 MeV (LMS

(5)(2-loop)5245 MeV).

State s50.170 s50.174 s50.178 s50.182 s50.185 Experiment

D1 253 255 258 261 263 262.162.2
D2 360 364 368 372 376 360.161.2
M (1P)2M (1S) 423 426 430 433 436 '430a

M (2S)2M (1S) 544 549 554 559 563 '550a
7-5
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TABLE V. The bb̄ spin-averaged massesM̃ (nL) ~NR case! for the Cornell potential (m54.80 GeV,
s50.179 GeV2) with different values ofastatic andC0 ~the masses andC0 are given in MeV!.

ast50.3645 ast50.4071 ast50.4263
C05274 C05232 C05216 Experiment

M̃ (1S)1dAF(1S)a 9421 9434 9451 9460.360.3 (13S1)

dAF(1S) 234 137 179
2Sb 10 000 9995 9993 10 023.360.3 (23S1)
3S 10 337 10 344 10 347 10 355.260.5 (3S1)
1P 9900 ~fit! 9900 ~fit! 9900 ~fit! 9900.160.6
2P 10 249 10 259 10 263 10 260.060.6
1D 10 139 10 153 10 158 10 162.261.620.0

11.0

2D 10 430 10 448 10 458 •••

D1 239 253 258 262.162.2(exp)0.0
11.0 (th)

D2 347 359 363 360.161.2
D3 183 189 192.5 •••

aThe AF correctiondAF(1S) is defined in Eq.~5.4!.
bThe AF correction is neglected for all states with the exception of the ground state.
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While the calculated 1D-1P, 2S-1S, and 1P-1S splittin
are in precise agreement with experiment forLV

(5)5320
2335 MeV (LMS

(5)
52342245 MeV), the 2P-1P splitting in

these cases appears to be'10 MeV larger than the experi
mental one. We expect that a small decrease ofM (2P) @and
also of M ~3S!# can be reached taking into account the fl
tening of the confining potential due to additional pair c
ation.

The sensitivity of thebb̄ spectrum to the Coulomb con
stant in the Cornell potential is illustrated in Table V whe
three variants with fixedm54.80 GeV ands50.179 GeV2

are presented whileastatic5const is varied. From Table V
one can see that only for the choice with large Coulo
constantastatic50.4120.43, good agreement with exper
ment is obtained for all states with the exception of t
ground state and partly of the 2S state.

For the ground stateY(1S) the AF behavior is very im
portant both for the mass and for the wave function at
origin. Therefore one may take into account the differen
betweenastatic in the Cornell potential~playing the role of
the effective freezing coupling! andaB(r ) considering it as a
perturbation. The perturbative treatment gives rise to
mass correction

dAF~1S!5
4

3 K astatic2aB~r !

r L
1S

. ~5.4!

Owing to the AF effect this correction turns out to be po
tive ~see second row in Table V! for astatic*0.39. However,
a relatively large value for the AF correction,dAF
'40–80 MeV, for the ground state clearly indicates that
AF effect in the gluon-exchange potential is very importa
and cannot be treated accurately as a perturbation to the
lomb potential.

The meaning of the quantityastatic in the Cornell potential
can be understood if one introduces in BPT the effect
coupling for a givennL state according to the following
relation:
01600
s

-
-

b

e
e

e

-

e
t
u-

e

K aB~r !

r L
nL

5aeff~nL!K 1

r L . ~5.5!

The values ofaeff(nL) are given in Table VI from which one
can see that for the low-lying states the effective coupling
BPT, aeff'0.40–0.43, is indeed very close to the Coulom
constant used in the Cornell potential.

From the spectra presented in Table V one can concl
that the splittingsD1 and D2 are in precise agreement wit
experiment for

astatic50.4360.02 ~5.6!

and this value appears to be 25% lower than the critical va
for the background coupling states given in Eq.~5.3! and
very close to the effective coupling given in Table VI.

For the best variants from Tables II and V the splittin
D35M (2D)2M (2P) is practically unchanged,D35191
62 MeV and therefore our prediction for the mass of t
excited 2D state isM cog(2D)'M (2D2)510 45162 MeV.

VI. CONCLUSION

From our analysis of the bottomonium spectrum we o
serve that the splittings between orbital excitationsD1 , D2,
and D3 appear to be very sensitive to the freezing value
the coupling in the gluon-exchange potential. The splitti
D15M (1D)2M (1P) is of special importance since it
measured with the great accuracy.

TABLE VI. The effective couplingaeff(nL) ~5.5! for the static
potential with the parameters~4.6!.

State
1S 2S 3S 1P 2P 1D 2D

aeff(nL) 0.39 0.41 0.43 0.47 0.47 0.50 0.50
7-6
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For the Cornell potential, when the Coulomb consta
astatic can be considered as an effective freezing coupli
precise agreement with experiment takes place forastatic
50.4360.02.

For theQQ̄ gluon-exchange potential with the strong co
pling taken as in BPT, where the freezing valueacrit is fully
determined by the value ofLV(nf55) in the vector scheme
hy

B

-

l
,

01600
t
,
good agreement with experiment is obtained only forLV

(5)

5325610 MeV which corresponds to the conventionalLMS
(5)

close to the upper limit:LMS
(5)(2-loop)523867 MeV and

as(MZ)50.11960.001 and at the same time gives rise to
large freezing value,acrit'0.58.

We also predict that the mass of the as yet unobserved
state~s! is M (2DJ)'M cog(2D)510 45162 MeV.
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